2. Surds and rationalising the denominator

A LEVEL LINKS

Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

e A surd is the square root of a number that is not a square number,

for example \/E, \/§, \/g, etc.

e Surds can be used to give the exact value for an answer.

o ab=ax\b
° \FZE
b b

e To rationalise the denominator means to remove the surd from the denominator of a fraction.

e To rationalise —— you multiply the numerator and denominator by the surd \/E

Jb
b +a«/E

e Torationalise

Examples

Example 1  Simplify \/%

you multiply the numerator and denominator by b —Jc

J50 =25%2 1

N
=5><\/5
=52

Choose two numbers that are
factors of 50. One of the factors
must be a square number

Use the rule \/E:\/Zx\/g
Use \E:S

Example 2 Simplify 147 —2«/5

NN 1
=/49%x3 —2./4x3

=49 x\3 24 %3 2
=7x3-2x2x+f3 3
=73-43
=33 4

Simplify 147 and 24/12 . Choose
two numbers that are factors of 147

and two numbers that are factors of
12. One of each pair of factors must
be a square number

Use the rule \/E:\/Ex\/g
Use @:7 and \/Z=2

Collect like terms
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Example 3

Example 4

Example 5

Simplify (ﬁ +2 )(\ﬁ -2 )

()
B E BT R

1 Expand the brackets. A common

mistake here is to write (\/7 )2 =49

=7_2 2 Collect like terms:
=5 N2 +4247
E T =0
Rationalise L
NG
1 _ 1 % ﬁ 1 Multiply the numerator and
3 BB denominator by /3
1x+/3
= i/;—/— 2 Use \/5 =3
_ ¥
3

Rationalise and simplify N2

Jiz

E_ o
VO PN

N

12

_ 228

12
243
6

1 Multiply the numerator and
denominator by \/ﬁ

2 Simplify \/ﬁ in the numerator.
Choose two numbers that are factors
of 12. One of the factors must be a
square number

Use the rule \/E:\/a_x\/z
Use \/Z=2

5 Simplify the fraction:

2 1
— simplifies to —
12 6
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3
Example 6 Rationalise and simplify
2+ \/g
3 _ 3 » 2- Jg 1 Multiply the numerator and
2+ \/g 2+ \/g 2— \/g denominator by 2 — \/g
3(2-+5)
B (2 + \/g ) (2 - ﬁ ) 2 Expand the brackets
_ 6-35
- 4y 2\/5_2\/5_5 3 Simplify the fraction
_6-35
-1 4 Divide the numerator by —1
Remember to change the sign of all
-3 \/g -6 terms when dividing by —1
Practice
1 Simplify. Hint
a 45 b 125
. \/E d \/ﬁ One of the two numbers
you choose at the start
€ V300 f V28 must be a square number.
g 72 h 162
2 Simplify. Watch out!
a J72+4162 b J45-25
c \/%_\/§ d «/ﬁ—«/4_8 C.heck you have chosen the
highest square number at
¢ 228+428 2WIZ-TZ4VTT | e stars
3 Expand and simplify.
a (2+3)(V2-B) b (3+3)5-412)
¢ (4-B)(45+2) d  (5++2)(6-8)
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4  Rationalise and simplify, if possible.

a L b L
V5 Vi1
2 2
c — d —
7 8
e 2 f >
& 5
O . £
V24 NS
5 Rationalise and simplify.
a 1 b 2 c 6
35 4+3 5-2
Extend

6  Expand and simplify (\/; + \/; )(\/; - \/; )

7  Rationalise and simplify, if possible.

1 1
b

NN Vr-\y

a
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Answers

1 a 35 b 55
c 4\/§ d 5\/7
e 1043 f 27
g 62 h 92
2 a 152 b 5
c 32 3
¢ 6V7 f 583
3 a -1 b 9-3
¢ 10J5-7 26—42
4 a ﬁ b E
5 11
.27 . 2
7 2
e \E f \/g
3 3
A ] b 24-\B) . 65+42)
4 13 23
6 x—y
7 a 3+202 b Vx v
xX=y
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3. Rules of indices

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and surds

Key points

® a Xa =a

e g"= (/; 1.€. the nth root of a

m

[ ] a =

—m

L a

n

()

1

m

a

e The square root of a number produces two solutions, e.g. \/B =14,

Examples

Example 1

Example 2

Example 3

Evaluate 10°

10°=1

Any value raised to the power of zero is
equal to 1

!
Evaluate 92

| =

5

=3

9

1
Use the rule a” = %

2
Evaluate 273

m

1 Use the rule a” = (%)m

2 Use Q/E=3
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Example 4  Evaluate 47
L 1 m
47 =— 1 Usetherule a ™ =—
4 a
1 2
- 2 Use 4" =16
16
. 6x°
Example 5 Simplify —
2x
6 5 m
iz =3x° 6 +2 =3 and use the rule Z—=a"" to
2x a"
x5
give — = X =y
X
o XXX
Example 6 Simplify =
3.5 345 8
rxx X X 1 Use the rule " xa" =a™™"
x* 0 xt
=x8 4=y 2 Use the rule a_n =aq"”"
a
Example 7 Write 1 as a single power of x
1 1 1,
— ==X Use the rule — =a™", note that the
3x 3 a”
fraction 1 remains unchanged
.. 4 .
Example 8 Write T as a single power of x
X
4 4 1
TZT 1 Use the rule a”z%
X x?
1 1
—4x 2 2 Usetherule —=a™"
a
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Practice

1

Evaluate.
a 149
Evaluate.
1
a 492
Evaluate.
3
a 252
Evaluate.
a 52
Simplify.
3x xx°
a 2
2x
3xx2x°
¢ 3
2x
2
¢ —
yixy
3
(2x2
& 4x°
Evaluate.
_1
a 4 °?
1
d 164x27°

Write the following as a single power of x.

a

==

(=7
W

=
38

30

643

2
2x°XXx

&)

p—r

50 d
1 1
1253 d 16*
3 3
492 d 164
25 d 62
Watch out!

Remember that any value
raised to the power of zero
is 1. This is the rule a® = 1.

9 2x23

_2
&)
64
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8  Write the following without negative or fractional powers.

a  x° b x°

2 1

d x° e x 2

9  Write the following in the form ax”".

aS\/; b

Extend

10 Write as sums of powers of x.

5

+1

a i > b xz(
X
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Answers

1 a | b 1 c 1 d 1
2 a 7 b 4 c 5 d 2
3 a 125 b 32 c 343 d 8
4 a2 L b L ¢ 4 a -
25 64 32 36
3
5 a 3% b 5¢
¢ 3x d =
2x
1
e 2 3
g 2 h x
6 a l b l c §
2 9 3
a L e 2 g 16
4 3 9
1
7 a x! b x7 ¢ x4
2 1
da x e X f x 3
8 a L} b 1 c 3/;
X
d ¥ e 1 f !
\/; af 3
1
9 a 5x2 b 23 c —x
_1 1
d 2x° e  Ax° £ 30
10 a X +x72 b X +x c X2 +x!
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4. Factorising expressions

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.
e A quadratic expression is in the form ax? + bx + ¢, where a # 0.

e To factorise a quadratic equation find two numbers whose sum is b and whose product is ac.
e An expression in the form x> —? is called the difference of two squares. It factorises to (x — y)(x + y).

Examples

Example 1  Factorise 15x%° + 9x%

15x%° + 9x*Yy = 3x%(5) + 3x?) The highest common factor is 3x?y.

So take 3x%y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Example 2 Factorise 4x* — 25)”

4x? - 25y% = (2x + 5y)(2x — 5y) This is the difference of two squares as
the two terms can be written as
(2x)*and (5y)*

Example 3 Factorise x> + 3x — 10

b=3,ac=-10

Sox>+3x—-10=x>+5x-2x—-10
=x(x+5)-2(x+5)

=(x+5)x-2)

Work out the two factors of

ac =—10 which add to give b =3

(5 and —-2)

Rewrite the b term (3x) using these
two factors

Factorise the first two terms and the
last two terms

(x + 5) is a factor of both terms
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Example 4

Example 5

Factorise 6x>— 11x— 10

b=-11, ac=-60

So
6x>—1lx—10=6x>—15x+4x— 10

=3x(2x — 5) +2(2x — 5)

= (2x—5)3x +2)

1 Work out the two factors of
ac =—60 which add to give b =—11
(=15 and 4)

2 Rewrite the b term (—11x) using
these two factors

3 Factorise the first two terms and the
last two terms

4 (2x —5)is a factor of both terms

2
—4x-21
Simplify ~—
2x°+9x+9
P —dx=21 1 Factorise the numerator and the
m denominator

For the numerator:
b=—4,ac=-21

So
X>—4x-21=x*—"Tx+3x-21

=x(x—7)+3x—7)

=(x-T7)(x+3)
For the denominator:
b=9,ac=18
So

2x°+9x+9=2x2+6x+3x+9
=2x(x +3)+3(x+3)

=@x+3)2x+3)
So

X —4x-21  (x=T)(x+3)
227 +9x+9  (x+3)(2x+3)
_ox=7
B 2x+3

2 Work out the two factors of
ac =—21 which add to give b =—4
(=7 and 3)

3 Rewrite the b term (—4x) using these
two factors

4 Factorise the first two terms and the
last two terms

5 (x—7)is a factor of both terms

6 Work out the two factors of
ac = 18 which add to give b =9
(6 and 3)

7 Rewrite the b term (9x) using these
two factors

8 Factorise the first two terms and the
last two terms

9 (x+3)is a factor of both terms

10 (x + 3) is a factor of both the
numerator and denominator so
cancels out as a value divided by
itself is 1
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Practice

1  Factorise.
a  6xYy? - 10x%*
¢ 25x%%—10x°72 + 15x%°

2 Factorise
a xX*+7x+12
¢ x*—11x+30
e x*—Tx-18
g x*-3x-40

3  Factorise
a  36x*—49)°
¢ 18a*—200hc?

4  Factorise
a 2x*+x-3
c 22+ 7x+3
e 10x*+21x+9

5  Simplify the algebraic fractions.
2x° +4x
X’ —x
x*—2x-8
x* —4x
x*—x—12

2
x“ —4x

6  Simplify
9x* —16
3x% +17x—28
4-25x"
10x* —11x—6

Extend

7 Simplify x> +10x + 25

(x+2)* +3(x+2)*
x* —4

8 Simplify

= = o T

21a°D° + 35a°h?

x>+ 5x—14
x?—5x—-24
x> +x-20

x2+3x-28

4x* — 81y?

6x*2+17x+5
Ox>—15x+4
12x* —38x+ 20

x% +3x
x*+2x-3
x* —5x
x* =25

2x* +14x
2x% +4x—-70

252 —7x—15
3x* =17x+10
6x* —x—1

2x° +7x—4

Hint

Take the highest
common factor

outside the bracket.
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Answers

1 a 2x%3x-5y)

¢ 5xHX5-2x+3y)
2 a (x+3)(x+4

¢ (x=-5x-06)

e (x-9x+2)

g (x=8)+5)

3 a (6x—Ty)(6x+7Ty)
2(3a —10bc)(3a + 10bc)

4 a (x-—-1)2x+3)
2x+ D(x+3)
e (5x+3)2x+3)

2(x+2)
x—1

x+2

X
x+3

X

3x+4
x+7

2-5x
2x-3

7 x5

4(x+2)
x—2

>

= o T

7a*b*(3b* + 54%)

(xr+7x—-2)
(x—8)(x+3)
(x+5)(x-4)
x+7Dx—-4)

(2x — 9y)(2x + 9y)
(Gx + 1)(2x + 5)

Bx-1)3x-4)
2(3x —2)(2x -5)

2x+3
3x-2
3x+1
x+4
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S. Completing the square

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the discriminants

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + g)* + r

e Ifa#1,then factorise using a as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x> + 6x — 2

xX2+6x—2
—(x+3P-9-2
—(+3P-11

1 Write x* + bx + ¢ in the form

SRR

2 Simplify

Example 2  Write 2x> — 5x + 1 in the form p(x + ¢)* + r

2x>—5x+ 1

1 Before completing the square write
ax? + bx + ¢ in the form

[+
alx  +—x |+c
a

2 Now complete the square by writing

5 .
x? == x in the form

3 Expand the square brackets — don’t

2
forget to multiply (%) by the

factor of 2

4 Simplify
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Practice

1 Write the following quadratic expressions in the form (x + p)* + ¢

a xX’+4x+3 b x*-10x-3
¢ x>—8x d 2+6x
e xX2-2x+7 f x*2+3x-2

2 Write the following quadratic expressions in the form p(x + ¢g)* + r
a 2x*-8x-16 b 4x>-8x—16
¢ 3xX*+12x-9 d 2x*+6x-38

3  Complete the square.

a 2x*+3x+6 b 3x2-2x
¢ S5x*+3x d 3x*+5x+3
Extend

4  Write (25x* + 30x + 12) in the form (ax + b)* + c.
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Answers

1

a (x+27-1
¢ (x—472-16
e (x—172+6

a 2x-272-24

¢ 3(x+2)7-21

(5x +3)2+3

(x—5)P—28

(x+3)2-9
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